On the Ramsey multiplicity for stars  by Jacobson, Michael S.
Discrete Matbcmatirs 42 (1982) 63-66 
North-Holland Publishing Company 
63, 
ON THE RAM!#EY MULTWLM3TY FOR t!hRS 
Michael S. JACOBSON 
Lkpurtment of Mathematics, Uniuemity of Louisoille, &uisuifk, KY 40292, USA 
Received 5 February 1981 
Revised 25 November 1981 
In 1929, Ramsey proved a theorem guaranteeing that if G1, G,, . . . , Gk are graphs, then 
there exists an integer r so that if the edges of EC, are colored in any fashion with k colors a 
monochromatic G* in color i exists for some i Harary and Prins suggested the problem of 
deciding the minimum number of monochromatic Gi in any such coloring. It is the purpose of 
this paper to establish this minimum number in the case when G, are stars for each i. 
In this paper we consider finite simple graphs. If G1, Gz, . . . , Gk are graphs, 
then define the Ramsey number, (G,, G2, . . . , Gk), to be the smallest integer p 
SO that if the edges of Kp are colored in any fashion with k colors, then for some i 
there exists a monochromatic Gi in color i. Determining Ramsey numbers, and 
considering related concepts has been a flourishing field of research in the last 
fifteen years. 
In 1974, Harary and Prins [6], suggested the following definition: Let 
G1, Gz, . . .s Gk be graphs. Then the Ramsey multiplicity R(G1, G2,. . . , Gk) is 
the smallest possible total number of G1 in color 1, Gz in color 2, . . . , Gk in 
colour k in any k-coloring of K,, where t = r(@, Gz, . . . , Gk). Finding Ramsey 
multiplicities has not received a great amount of attention since the Harary and 
Prins article. Some results are known; see [3]. 
It is the purpose of this paper to establish the Ramsey multiplicity for stars. In a 
k-coloring of the edges of a graph, we call a subgraph isomorphic to G whose 
edges have all been colored in a single color a monochromatic G. Knowing the 
Ramsey number is a necessity for finding the Ramsey multiplicity. In the case of 
stars, Burr and Roberts [2] have determined these numbers. 
Theorem (Burr and Roberts [2]). Let map mz, . . . , mk be a positive integers, and let 
t be the number of these that are even- ITzen 
k 
where e, = 1 if t is even and positive, and 4zc = 2 otherwise. 
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Theorem. Let m,, m2, . . . , mk be positive integers, and t be the number of these 
infegers that are even, then 
f f if f is even and 0 0, 
k 
1 
R(K,w,,,K,,m, ,..., K*,,,)= z (c i=* mi-k+f ) +l fn;ismodd Or t=Ov 
1 = 1 for some i 
ofhenvise. 
hoof. Without loss of generality we may assume ml, m2, . . . , mk-1 are odd and 
mk--t+lr m&f+;?, - l - 9 mk are even. Furthermore, let ml 6 ~33~~ l l l G mk_( and 
mk-r tl s mk-r+2- < = l l S mk. For convenience we label the k colors; 1,2, . . . , k. 
Case 1. Suppose f is even and t> 0. We know that 
& 
i=l 
Let r = I:=, mi - k + 1. Clearly r is odd, and it is well known (see [S]) that K, can 
be factored into $( r - 1) spanning cycles. Color i(mi - 1) of these cycles i for 
i=1,2,..., % - t. Also color $( mj - 2) of the remaining cycles j for j = k - t + 1, 
k-r-+2,..., k. We have partially colored K, and it remains to color it spanning 
cycles. For each of the #t remaining cycles, color it with a different pair of colors 
from k-r-+-l, k-t+2,..., k, alternating colors for adjacent edges. Hence, we 
have exhibited a colcring of K, with only St monochromatic K,.,, ; thus 
Suppose we have a coloring with a minimum number of monochromatic stars. 
Since t is odd, 
necessarily have 
incident with pi, 
hence 
and mj-1 is odd for j=k-t+l, k-t+2,...,k, we must 
at least one point pi, so that Ihe number of edges colored j 
is not tllj - 1. Observe that the pj are not necessarily unique; 
and thus this case is complere. 
Cuse 2. Suppose t is odd or t = 0 and m, = 1. For this case we know 
For convenience we let r = C:=l mi - k + 2. 
Subcase 2A. Suppose t= 0. Clearly, in any coloring of Kr there must be a Kl,mi 
of cdor i for some i, centered at each point. Hence we can conclude 
Since, in this case, t is even, we know we can partition K, into (r - 1) l- 
factors. Color (??Zi - 1) l-factors i for i = 2,3, . . . , k. Color the remaining I- 
factor 1. This is a coloring of l& with ai= 1 mi - k + 2& of color 1, completing 
subcase 2A. 
S&case 2B. Suppose t is odd. Since t is odd, and mj - 1 is odd for j = 
k-t+l,k-t+2 , . . . , k, it follows that for each j there exists a point pi which is 
the center of a &,, of color j, or the center of two monochromatic stars, possibly 
K, 1m Additionally, in any k-coloring of the edges of _K, it is clear that there must 
be *a K,,,, of color i, for some i, centered at every point. Therefore, it follows that 
As before, since r is odd, we know we can factor K, into f(r .- 1) spanning 
cycles. Color $(mi - 1) spanning cycles i, i = 1,2, . . . , k - t, and a( mj - 2) cycles j 
for j=k-t+l,k-6+2,..., k. As in case 1, we 2-color $(t - 1) additional 
spanning cycles, using colors k - t + 1, k - t + 2, k - 1, resulting in $( t - 1) mono- 
chromatic K1,ml, and leaving all but one cycle colored. We 2-color the remaining 
cycle with 1 and k, resulting in a(cFxI mi - k + 3) additional monochromatic K1 spI 9 1’ 
Hence, 
thus completing Case 2. 
Case 3. Suppose t is odd and Woi a 2 for each i. Clearly in every coloring of the 
edges of K, (r is the same as in Case 2) there must be a Kl,mi of color i, for some 
i, centered at every point. Since mi 2 2 for each i we conclude 
We know there exists a k-coloring of K,_ 1 which contains no monochromatic 
K l,m,. Adjoin a point and arbitrarily color mi - 1 edges i for i = 1,2, . . . , k - 1 and 
color the remaining mk edges k. This coloring has (mi - l)Kl,m, of color i and 
hk + l)K1,m, of color k. Thus 
K(Kl,,,, Kl,m*, l l l 3 Kl,mk) d e mi - k + 2, 
i= 1 
in this case, completing the theorem. 
Conclusion 
Very little work has been done for the case of more than twti colors; see [4,7]. 
Also only a small number of results are known in the off-diagonal case. Presently, 
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R. Davitt, L. Kinch, J. Roberts and the author are working on the off-diagonal 
Ramsey multiplicities for small graphs. 
There are also some very interesting extensions of Ramsey multiplicity. For 
example, define the multiplicity, M(GI, G2, . . . , Gk; n) to be the minimum 
number of ct - G1, plus c2 - G2, . . . , plus ck - Gk in any k-coloring of &,. Note 
this is the Ramsey multiplicity when n = r(GI, G2, . . . , Gk). Another extension is 
to find M(G,, G2,. . . , Gk; I;3 which is the minimum number of c1 - G1, c2 - 
G29 . . . . ck - Gk in any k-coloring of E An interesting problem might be when 
the Gi are stars and F is bipartite. 
For further insight and questions, Burr and Rosta [3] have written an article 
surveying the known results. 
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